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Abstract—In a previous paper [P. Bar-Avi and H. Benaroya, Journal of Sound Vibration 190, 77-103
(1996)], the response of an articulated tower in the ocean subjected to deterministic and random
wave loading was investigated. The tower was modeled as an upright rigid pendulum with
a concentrated mass at the top and having one angular degree of freedom about a hinge with
coulomb damping. In this paper, which is an extension of the previous one, the tower is modeled as
a spherical pendulum having two angular degrees of freedom. The tower is subjected to wave,
current, and vortex shedding loads. Geometrical non-linearities as well as non-linearities due to
wave drag force, which is assumed to be proportional to the square of the relative velocity between
the tower and the waves, were considered. The governing coupled differential equations of motion
are highly non-linear, and have time-dependent coefficients. The tower’s average response is
evaluated for uniformly distributed random fluid constants C, C. C,. friction coefficient x and
current direction «. This is accomplished computationally via Monte-Carlo simulations with the use
of ‘ACSL’ software. The influence on the tower’s response of different parameter values is investi-
gated. & 1997 Elsevier Science Lid.
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1. INTRODUCTION

Compliant platforms such as articulated towers are economically attractive for deep water
conditions because of their reduced structural weight compared to conventional platforms.
The foundation of the tower does not resist lateral forces due to wind, waves and currents;
instead, restoring moments are provided by a large buoyancy force, a set of guylines or
a combination of both. These structures have a fundamental frequency well below the wave
lower-bound frequency. As a result of the relatively large displacements, geometric non-
linearity is an important consideration in the analysis of such a structure. The analysis and
investigation of these kinds of problems can be divided into two major groups: deterministic
and random wave and/or current loading. Most workers have considered the tower to be an
upright rigid pendulum attached to the sea floor via a pivot having one or two degrees of
freedom.

Bar-Avi and Benaroya [1] investigated the non-linear response of a single degree of
freedom articulated tower. The equation of motion was derived via Lagrange’s equation.
Non-linearities due to geometry and wave drag force are considered. A combined wave and
current field, coulomb friction force, and vortex shedding force are included in the analysis.
The influences on the response of current velocity and direction, significant wave height and
frequency, and damping mechanism were analysed. The response to sub/superharmonics
and harmonic excitation demonstrate beating, and for certain excitation frequencies a cha-
otic behavior was observed. Current has a large influence on the response and on the
equilibrium position of the tower.

Other studies of the response of a single degree of freedom were performed by Chak-
rabarti and Cotter [2], Gottlieb e al. [3], Muhuri [4], Datta and Jain [5-7]. Two degrees of
freedom models were analysed by Chakrabarti and Cotter [8] and Jain and Kirk [9].
A detailed description of these studies is given in [1].

Vortex induced oscillation of tension leg platform tethers was analysed by Dong and Lou
[10], and Dong et al. [11]. The tether was modeled as a uniform tension beam under
combined action of wave and current. Only the response normal to the direction of the wave
and current was considered. A numerical solution was obtained to find the response and to
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perform stability analysis. They found out that for small drag and lift coefficients the system
may become unstable. For moderate drag and lift coefficients multiple equilibrium posi-
tions occur, one of them is unstable. The region of multiple solutions, where the response
can jump from one branch to the other, is reduced as the drag and/or lift coefficient are
increased. When the frequency of excitation was not exactly the fundamental frequency,
beating phenomenon was observed, however chaotic motion was not detected.

1.1. New study

In this paper, the stochastic response of a two degrees of freedom articulated tower
submerged in the ocean is analysed. The non-linear differential equations of motion are
derived, including non-linearities due to geometry, coulomb damping, drag force, added
mass, and buoyancy. All forces/moments are evaluated at the instantaneous position of the
tower and, therefore, they are not only time-dependent, but also highly non-linear. The
equations are then numerically integrated and Monte-Carlo simulations are performed to
evaluate the tower’s average response and scatter. Effects of various parameters such as the
fluid constants, significant wave height, coulomb and structural damping coefficient, and
current direction are then investigated.

2. PROBLEM DESCRIPTION

A schematic of the structure under consideration is shown in Fig. 1. It consists of a tower
submerged in the ocean having a concentrated mass at the top and two degrees of freedom;
@ about the z axis and ¢ about the x axis. The tower is subjected to wave, current, and
vortex shedding loads. As can be seen from Fig. 1, two coordinate systems are used: one
fixed x, y, z and the second attached to the tower x', y', z’. All forces/moments, velocities,
and accelerations are derived in the fixed coordinate system.,

This problem has similarities to that of an inverted spherical pendulum with additional
considerations:

e Buoyancy force is included.

e Drag forces proportional to the square of the relative velocity between the fluid and the
tower need to be considered.

e Fluid inertia and added mass forces due to fluid and tower acceleration are part of the
loading environment.

e Current and vortex shedding forces are considered.

3. EQUATIONS OF MOTION

The equations of motion are derived using Lagrange’s equation for large displacements.
Certain assumptions have been made and they are listed below.

Fig. 1. Model and coordinate systems.
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3.1. Assumption

e The tower stiffness is infinite: EI = o0,

e The hinge consists of coulomb friction.

e The tower has a uniform mass per unit length, m and is of length / and dia D.

e The tower diameter is much smaller than its length, D«/.

e The tower is a slender smooth structure with uniform cross section.

e The end mass M is considered to be concentrated at the end of the tower.

e The structure is at static stable position due to the buoyancy force.

e The waves are linear having random height.

e Morison’s fluid force coefficients Cp, Cy, and C, are random uniformly distributed
parameters.

3.2. Lagrange’s equations
The general form of the Lagrange’s equations is

d /oKg oKg 0Pk D¢
it —— —_—— —_— ——— —_ 3.1
dr(aqj oa " oa T ag Qe G.)

where K¢ is the kinetic energy, Py is the potential energy, Dy, is the dissipative energy and
Q,, is the generalized force related to the g; generalized coordinate.

The model consists of two degrees of freedom, thus, we have two generalized coordinates:
6 and ¢. The generalized forces in the relevant direction are derived using the principle of
virtual work. We first derive the general form for the forces assuming an external force per
unit length having three components,

F.=FX+FJj+F,: (3.2)

From Fig. 2 we can find the virtual work done by F, due to a virtual displacement &6,
Foo8 = F,x'[cos(0 + 66) — cos 0] + F, x'cos ¢ [sin(d + 66) — sin 6]

+ F,x'sin ¢[sin(0 + 66) — sin 0]. (3.3)

Since we deal with virtual work, we set the virtual displacement 60«1, and replace
x" = x/cos 8, thus, the generalized force per unit length for the 0 coordinate is

Fy= — F,xtan6 + F,xcos ¢ + F, xsin ¢. (3.4)
From Fig. 3 we can find the virtual work done by F, due to a virtual displacement ¢,
Fy0¢ = F,x'sin0[cos(¢ + d¢p) — cos ¢] + F,x'sin@[sin(¢p + ¢) —sin¢p], (3.5

and going through the same procedure described for Fy, we find the generalized force per
unit length to be

F,= —F,xtan0sin ¢ + F, xtanfcos ¢. (3.6)

Fig. 2. Generalized force for 6.
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Fig. 3. Generalized force for ¢.

Finally, the generalized moments are evaluated by integrating F, and F,,

L
M, = J‘ (—F.tan + F,cos ¢ + F,sin ¢)x dx, 3.7

0
and

L
M, = J (—F,tanfsin¢ + F,tanOcos ¢)xdx. (3.8)

0

where L is the projection in the x direction of the submerged part of the tower. It depends on
the angle 0 as follows:

lcos @ if d>Icosf
L= (3.9)

d+ny,t) if d<lcosb,

with d being the mean water level and #(y, t) is the wave height elevation to be defined later.

3.3. Tower, wave and current kinematics

To derive the equations of motion using Lagrange’s equations, the kinetic, dissipative,
and potential energies need to be evaluated, as well as the generalized forces. In this
subsection, the tower’s linear and angular absolute velocities and accelerations are deter-
mined in the fixed coordinate system x, y, z.

3.3.1. Tower kinematics. The tower is assumed to be oriented along a unit vector 1 with
the following directional cosines (see Fig. 1).

I = cos X + sinfcos ¢y + sinGsin ¢pZ (3.10)
Therefore the tower’s position velocity and acceleration are,

R = xX + xtanfcos ¢y + xtanOsin ¢z
V= — x0tan 0% + x(@cos ¢ — P tanOsin ¢p)§ + x(@sin + ¢ tan fcos ¢p)Z
V= —x(ftan@ + 6%)%

+ x[8cos ¢ — PtanBsind — (6° + ¢p*)tanfcos ¢ — 20¢sin p]§

+ x[Usin$ + dtanfcos ¢ — (6 + 6*)tan Osin ¢ + 20¢) cos ]2, (3.11)
Q= ¢x + 07 (3.12)

3.3.2. Wave and current kinematics. In this study linear wave theory is assumed, therefore,
the wave vertical and horizontal velocities in the presence of a current field, propagating in
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a direction « relative to the wave, are (Wilson [12], p. 84):

1 sinhkx .
w=5Ho sin(kx tan 6 cos ¢ — wt)
1 cosh kx
=2 Hy— _
u 3 w b kd cos(kxtanfcos ¢ — wt) + U cosa
v=Ugsina, (3.13)

and the respective accelerations:

1 , sinhkx

W= 3 w e cos(kx tan 6 cos ¢ — wr)
. L ,coshkx
0= — 5 w Snhkd sin(kxtandcos ¢ — wt)
£=0, (3.14)

where H is the significant wave height, w the wave frequency, k the wave number, and d the
mean water level. The current velocity magnitude U, is calculated assuming that the current
is made up of two different components [13]: the tidal component, Uy, and the wind-

induced current UY,
x \'7 X
Ux)= U= U¥l= ). 3.15
o(x) Uc(d> + c<d> (3.15)

The tidal current Uj at the surface can be obtained directly from the tide table, and the
wind-driven current U} at the surface is generally taken as 1-5% of the mean wind speed at
10 m above the surface.

3.4. Fluid forces and moments acting on the tower
Figure 4 depicts the external forces acting on the tower:

1. T, is a vertical buoyancy force.

2. Fy are the vertical and horizontal fluid forces due to drag, inertia, added mass and vortex
shedding.

3. My, lg are the forces due gravity.

We next describe and develop explicit expressions for these forces and moments.

Fig. 4. External forces acting on the tower.
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3.4.1. Buoyancy moment. The buoyancy force provides the restoring moment,

NIb = T[)lb. (3‘16)

T, is the buoyancy force, and I, is its moment arm; both are time-dependent, where
2

D
To=pgVo=pgn— L. (3.17)

V, is the volume of the submerged part of the tower, p is the fluid density and L, which is
the length of the submerged part of the tower, is

d ;
oo dtny.g

. 3.18
: cos 8 (3-18)

where 5(y, t) is the wave height elevation evaluated at the instantaneous position of the
tower and at x =d with y =dtand,

n(o,t) =3 Hcos(kdtan 0 — wt + &). (3.19)

The moment arm [, is

2 1 D2
= 2 = 20 )si 3.20
Iy 1()Lstan 90056+<2Ls+32Lstan >sm0, (3.20)
and finally the buoyancy generalized moment is then
D[ D? . Lid+n(, 0\ .
M{ = pgnj[—ﬁ tan® #(2cos 0 + sin 6) +§(——C~O% sing | (3.21)

3.4.2. Wave forces/moments. In general, the fluid forces acting on a slender smooth tower
are of three types: drag, inertia, and vortex-shedding. In this section these forces are derived.

3.4.2.1. Drag and inertia forces—Morison’s equation. The drag and inertia forces per unit
length are approximated by Morison’s equation. The drag force is proportional to the
square of the relative velocity between the fluid and the tower, and the inertia force is
proportional to the fluid acceleration,

D
Ff,:CDpEHX(Uw—V)><l|(l><(Uw—V)><l) (3.22)

2

D .
+ Cypn e Ix U, xI, (3.23)

where Fy, is the fluid force per unit length normal to the tower. (U,, — V) is the vector of the
relative velocity between the fluid and the tower and U,, is the fluid acceleration. Cp and
Cyw are the drag and inertia coefficients, respectively. The relative velocity and fluid
acceleration normal to the tower can be decomposed to their components as follows.

3.4.2.2. Vortex shedding moments. The lift force F, due to vortex shedding is acting in
a direction normal to the wave velocity vector and normal to the tower. Different models of
lift force exist in the literature; see especially Billah [ 14]. We will initially use a simple model
given in a paper by Dong [10]

D
F. = CLp—z—coswstllevrl(leT), (3.24)
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where Uy, the vector of the maximum fluid velocity along the tower, is

lH sinh kx
—Hw
U; 2 sinh kd
{ cosh kx

Uy |=|-Ho ——— , 325

T > wsinhkd+Uccosa (3.25)
Ui

U.siny

Cy is the lift coefficient, and w; is the vortex shedding frequency [13]

CL=006-2, w,=2w. (3.26)

3.4.2.3. Total fluid moment. The moment due to fluid forces (drag, inertia, and lift) is
evaluated by substituting the sum of all fluid forces, defined by equation (3.27),

F*n =Fy+ F{ + F{
F, = Fy + Fy + F{
szl =F,+ Fi + F§ (3.27)

into equations (3.7) and (3.8). Therefore the moments M¥ and MY, are

L
M = j (—Fn tan + Fy cos ¢ + Fy sin ¢)x dx
o :

L
M = J' (—Fp tanfsin ¢ + Fy tan 6 cos ¢)x dx. (3.28)
0

3.4.3. Added mass moment. The fluid added mass force per unit length F,4 1s

2

D~ .
Fad = CApn ‘z‘ V (3.29)

where C, = Cy — 1 1s the added mass coefficient. Substituting the expression for the tower
acceleration, equation (3.11) into equation (3.29) leads to the expressions for the forces in the
X, y, z directions,

2

D y .
Fiy = CApnT(-x(QtanH + 6%))

2

Ye = Capm % (x[#cosp — $tanBsind — (6% + p*)tan 6 cos ¢ — 26¢ sin $])

2

Fiy=Capn % (x[Usin¢ + dtan@cosd — (0% + d*)tanOsin ¢ + 20 cos ). (3.30)

Substituting the added mass forces [equation (3.30)] into the generalized moment
equations (3.7) and (3.8), and integrating, result in the generalized moments due to fluid
added mass,

1 D? .
My = 73 Capm— L3(B(1 + tan?6) + $*tan 6)
1

D? .. ..
5 CApn—4— L*(¢tan’ 0 + 20¢ tan 0). (3.31)

[
Mad—

3.44. Friction moment. Dissipation in the tower hinge is assumed to be modeled as
coulomb friction. The damping force is equal to the product of the normal force N and the
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coefficient of friction . It is assumed to be independent of the velocity, once the motion is
initiated. Since the sign of the damping force is always opposite to that of the velocity, the
differential equation of motion for each sign is valid only for half cycle intervals. The friction
force is

Ff. = Nu[sgn(6)]

F{, = Nu[sgn($)]. (3.32)
The normal force is

1 L? 1/1 N
N =|-CapnD>—5— + | zml + ! 0> + = ¢*
[8 apnD* 5 +2<2 ml + M)l]( +2qb )
1 2y, 11 1.,
- gCA,on:D L t5 5ml+M lcos 20 Ed) +(Ty — Fycos8,  (3.33)

and it is a function of the forces due to gravity, buoyancy and tower acceleration. It can be
seen that the only terms remaining in the acceleration forces are the centrifugal ones which
are along the normal, that is, [6°.

3.5. Dynamic moments

The dynamic moments M%,, and M$§,, those which are evaluated in the left hand side of
Lagrange’s equation (3.1), are found using expressions for the kinetic, potential, and
dissipative energies

K _l ln’1l+M lzsin26+l('l+M)chosz(9 @
E=3\\3 2" 2

1/1 .
- _—l M 202
+2<3m+ >19

1
P: = (Err'll + M)glcos()

D = % C(p* + 6% (3.34)

where C is a viscous damping constant assumed in the hinge. Substituting the kinetic,
potential and dissipative energies into equation (3.1) leads, after some mathematical manip-
ulations and rearranging, to M§, M§,

1 . . 1
M, = <§ ml + M>129 + CO — (5 ml + M)glsin@

21 D* .
+{F 3+ M) - ml+M))¢ sin 26

‘ 1 1 . .
M4, = ((§ ml + M>lzsin2 0+ Z(r?zl + M)D?cos® 6>¢ + Co

P/ D?* L.
+{5 (3 + M )= (ml+ M) $0sin26. (3.35)

3.6. Governing equations of motion
The governing non-linear differential equations of motion are found by equating the
dynamic moments to the applied external moments
L
JZH.O. + CH+ IB¢2 + Mgb = J‘ (—Fﬂxtan 0+ F“yCOS(f) + Ff]zsin ¢)X dx — M?r

0

L
Jed + Ch + 1,56 = J (—Fq tan0sin g + Fy tan0cos ¢)xdx — Mf,  (3.36)
0
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where J%, and J%; are the effective position dependent moments of inertia about z and
X axis, respectively

1 , 1
Jgff = <§ ml + M)l“ + B CapaD?L3(1 + tan0)

1 . 1 , 1
o = (§ ml + M>l2 sin? 0 + 3 (ml + M)D?cos® 6 + 7 CapnD*L3tan?6  (3.37)

I, is a constant depending on the system parameters,

/1 _ D* _ .
I, = 3 §m1+M —?(ml+M) sin 26 (3.38)

and MY, is the moment due to gravity and buoyancy

DZ'D2 . 1/d+n(y, )\ .
6 — | = 2 7
Mg, = pgn 7|3 tan” 8(2cos 6 + sin ) + 2( cosf sin 8

1
~ (5 il + M)gl sin 6. (3.39)

4. MONTE-CARLO SIMULATIONS

In this section, the stochastic response of the tower due to uniformly distributed random
parameters, is evaluated utilizing Monte-Carlo simulations. The governing non-linear
differential equation of motion (3.36) is repeatedly solved using ‘ACSL’. At each run
different values are assigned to the parameters and the average response is calculated until
a convergence is achieved, i.e., the change in the averages between the current and previous
runs is less than 1%. The analysis is performed using a PC with a Pentium processor
(unbugged). About 20 cycles are needed for the average to converge and each run takes
about 1 h. The results are then analysed using ‘MATLAB’. The fluid’s coefficients, the wave
height, and the wave frequency used in the simulations are taken from Hogben et al. [15].
The following physical parameters are used in the simulation:

Deterministic physical parameters

! length of tower = 400 m

D tower diameter = 15 m

M end mass = 2.5 x 10° kg

m tower mass per unit length = 20 x 103 kg/m

R, pivot radius =3 m

d mean water level = 350 m

e p water density = 1025 kg/m?

e [ structural damping = 0.02

e U, UY current velocities = 0.5, 1.5 m/s respectively

Random parameters

Cp, drag coefficient = 0.6-2.0

Cy inertia coefficient = 1.4-2.0

C. lift coefficient = 0.6-2.0

H significant wave height = 1-3m

a angle between current and wave propagation = 0° + 10° and 90° + 10°

u friction coefficient = 0.05-0.2

All random parameters are assumed to be uniformly distributed between the limits
above. In our study the wave height H is much smaller than the mean water level d, i.e.
H «d. Therefore, the relation between the wave height and the wave frequency, given in
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Hooft [16] is used. This relation with the deep water simplification tanh kd = 1, leads to

n
2H (
where o is the wave frequency. The tower’s average deflection angles 8,, and ¢,,, and their

bounds, 8,, + ¢ and ¢,, + g, where o is the standard deviation, are calculated and plotted,
for different parameters.

4.1. Random fluid parameters

In this run all parameters are kept constant except for the fluid constants Cp,, Cy, Cy that
were set to be random.

First, the wave height is H = 2 m, the wave frequency w = 0.5 rad/s, the coulomb friction
coefficient u = 0, and the current velocity U, = 0. Fig. 5(a) depicts the average deflection
6,, of the tower and its bounds of 6,, + ¢, and Fig. 5(b) depicts the average rotation angle
¢., and ¢,, + o. From the figure we see that the average steady state deflection 8,, is about
zero since the current velocity is zero, and it is bounded —0.005 rad < 6,, < 0.005 rad. The
rotation average angle ¢,, is much larger and grows continuously with time.

The tower’s end displacements in the z and y directions is described in Fig. 6(a). It can be
seen that the displacement in the y direction is larger than the one in the z direction since the
wave propagates in this direction. Also we see that the motion is oscillatory about zero
position. Figure 6(b) shows the displacements (y, z) in the frequency domain.

4.2. Influence of current direction

The influence of current direction is next investigated. The fluid parameter are constant
Cp =12, Cy = 15and C, = 1.0. All other parameters are the same as in the previous run.
Figure 7 shows the tower’s response for current direction is « = 0° + 10°. It can be seen that
both angles oscillate about an equilibrium position which is not zero. The standard
deviation of the average rotation angle ¢,, is larger than the average deflection angle
0,, primarily due to the fact that the rotation angle ¢,, can be much larger than the
deflection angle.

1<)
g
rals
$

-2
£
o

.3 ) 1

0 50 100 150
Time (sec)
Fig. 5. Tower response to random fluid parameters. (a) Deflection angle 0,, (—), 0y £ 0 (-——-).

(b) Rotation angle ¢,, (—), ¢y + 0 (——-).
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Figure 8(a) describes the tower’s end displacements, and its frequency response (b). We see
the tower’s steady state (after the transient decays) motion oscillates about an equilibrium
position (y,z) = (54 0.5,4.6 + 0.1) m. The shift of the equilibrium position is due to
current. From the frequency response (b), the wave frequency w = 0.08 Hz and the vortex-

shedding frequency which is 2w = 0.16 Hz are clearly seen.

The response for & = 90° + 10° is shown in Figs 9 and 10. We see that the tower’s steady
state response oscillates about an equilibrium position (y, z) = (—4.5 £ 0.5, 5.5 £ 0.2) m.

The change in the equilibrium position is due to current direction.

Reducing the drag coefficient to Cp = 0.6 changes the tower’s response as can be
observed from Fig. 11. The equilibrium position is different than with Cp, = 1.2 due to the
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Fig. 8. Influence of current direction — & = 0° + 10°. (a) Tower’s end displacements. (b) Tower’s
response in the frequency domain; y(—), z(~—--).
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Fig. 9. Influence of current direction — x = 90° + 10°.(a) Deflection angle 0,, (—), 0,, +  (———).

(b) Rotation angle ¢,, (—), ¢,, + 7 (-~ -—-).

fact that it depends on Cp|U cosa|U.cosx as explained in the paper by Bar-Avi and
Benaroya [1].

The influence of current and drag coefficients on the average response is summarized in
the next two figures. Figure 12(a) depicts the average deflection 8,, and Fig. 12(b) shows the
average rotation angle ¢,, for « = 0°, 90° with constant drag coefficient Cp, = 1.2. It can be
seen that for x = 0° the average response 0,, = 0.02rad, and ¢,, = 0.77, while with
a=90%0,, = —002rad and ¢,, = — 0.85rad. The direction of the current velocity
causes a change in the direction of the lift force, which results in different equilibrium
positions.
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PSD

10° i H ; i
0 0.05 0.1 0.15 0.2 0.25
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Fig. 10. Influence of current direction —a=90° + 10°. (a) Tower's end displacements.

(b) Tower's response in the frequency domain; y( —), z(—~—-).
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Fig. 11. Influence of current direction — « = 0" + 10°. (a) Deflection angle 8,, {(—-), 8, + 6 (~——-).
(b) Rotation angle ¢,, (—), ¢, + a (- ).

Figure 13(a) depicts the average deflection 6,, and Fig. 13(b) shows the average rotation
angle ¢,, for Cp = 1.2, 0.6 with & = 90°.

4.3. Coulomb friction and wave height

The influence of coulomb friction on the average steady state response 0,, and ¢,, is very
small. As can be seen from Fig. 14 the transient response is smaller with friction, but the
steady state is almost the same.

Figure 15 describes the tower’s average response 8,, and ¢,, due to random wave height
in the presence of current. The results are similar to those with constant wave height
H =2 m which is the average height in this run.






